1. Introduction. There are several indications that physical processes do not respect the global baryon number (B) and lepton number (L) symmetries.
For example, in the Standard Model (SM), nonperturbative effects due to instantons break the B + L symmetry [1] . The observed matter-antimatter asymmetry of the universe is an explicit evidence for B violation. In addition, simple arguments suggest that quantum effects of gravity may violate global symmetries [2] . It thus appears that B and L symmetries are not fundamental symmetries of the full theory, but are "accidents" of the low energy structure of the theory-as is the case in Grand Unified Theories (GUT). If lepton number is indeed not conserved, a neutrino Majorana mass will be generated at some level.
Let M X be the scale above which lepton number is broken. This could be the Planck scale (if the lepton number violation is induced only by gravity) or a GUT scale. Assuming that the only light fields below M X are the ones given in the SM, 1 then the lowest dimension operator which generates a Majorana mass for the left-handed neutrinos, ν L , is unique [3] :
where l L and Φ are the left-handed lepton and Higgs boson doublets, respectively,
1 We do not consider here the possibility of light "exotic" particles such as triplet Higgs bosons, although later we shall consider the two-Higgs-doublet and the minimal supersymmetric extensions.
κ mn is symmetric under interchange of m and n, the generation indices;
i, j, k, l are SU(2) indices. When the Higgs scalar develops a vacuum expectation value, Φ 0 = v/ √ 2, the SU(2) gauge symmetry is spontaneously broken and the neutrino Majorana mass matrix ensues:
The operator in Eq.
(1) has dimension 5, so κ is of order 1/M X . Consequently the magnitude of the neutrino masses is suppressed with respect to the charged fermion masses by the factor v/M X .
Models for neutrino masses predict the coefficients, κ mn , in terms of other parameters. For example, if ν R 's exist, they should have a large Majorana mass, M R , from lepton number breaking and hence there will be a contribu-
which is the popular see-saw mechanism [4] . Here Y ν is the Yukawa coupling matrix between the l L 's and ν R 's. This prediction is not unique. Models with more than one heavy scale (such as the GUT and Planck scales), radiative models [5, 6] , or models with exotic heavy particles can give other predictions.
The values of κ depend on the short distance dynamics responsible for lepton number breaking, while the operator structure in Eq. (1) depends only on the low energy contents of the model.
Radiative corrections renormalize the neutrino mass operator, as they do all the terms in the Lagrangian. Studies of the running of the SM couplings have led to the important observation that gauge coupling constants may unify at a large scale. The "running" of the neutrino mass operator is also important for several reasons: 1) to correctly relate the scale of lepton number violation to other physical scales, e.g., proton decay, coupling constant unification, quantum gravity, etc. 2 and 2) to correctly relate the mixing angles predicted by a model at high scales to the values at low scales where they are measured. However, despite the fact that the renormalization of the dimension 6 operators which contribute to proton decay have been studied to two loops [8] , the running of the dimension 5 term which yields a neutrino mass has received little attention. In this note we compute the renormalization of the neutrino mass operator above the weak scale. 3 We first consider the standard model with one Higgs doublet. Then we shall examine its two-Higgs-doublet and supersymmetric extensions. Beside the gauge interactions, there are the scalar quartic interactions,
and the Yukawa interactions,
2 Solar neutrino experiments are sensitive to neutrino masses as small as 10 −6 eV (see, e.g., [7] ). Such a small mass corresponds to lepton number breaking at a scale of order Here Q L is the left-handed quark doublet, The evolution equation for κ is found to be
where µ is the renormalization scale, g 2 is the SU(2) gauge coupling constant and
is the contribution associated with Fig. 1c .
The presence of two Higgs fields in the neutrino mass operator leads to qualitative and quantitative differences between the running of κ and the running of the charged fermion Yukawa couplings [9] . Firstly, λ enters Eq.
(8) at leading order, so the evolution is sensitive to large Higgs boson masses.
Moreover, the evolution is twice as sensitive to a large top quark mass. Both of the above terms enter Eq. (8) with the same sign, so κ can run faster than the charged fermion Yukawa couplings do.
Solving Eq. (8), Fig. 2 plots how the magnitude of κ evolves through the assumed desert above the weak scale. We numerically evolve all relevant coupling constants simultaneously over the entire range of µ between M Z (the Z boson mass) and M X , taken here to be near the Planck scale. (The renormalization group equations for the SM couplings can be found in, e.g., [9, 10] .) The Yukawa couplings of the lightest two families have negligible effects on the running of other parameters and will be ignored henceforth.
We have also ignored in Fig. 2 the small contributions from the τ -lepton Yukawa coupling. In this approximation, all elements of κ evolve identically.
The parameters are chosen so that m t (the top quark mass) and m H remain small enough for perturbation theory to be valid. We take α s (M Z ) = 0.12, The renormalization of κ can alter the predictions of neutrino mass models. For example, in SO(10) type theories [11, 12, 13] , if the neutrino Dirac mass matrix is identified with that of the up-quarks and the Majorana mass matrix of ν R is taken to be identity, the physical neutrino masses will be given by the see-saw formula
where m u denotes the physical mass of the up-type quark and M R ∼ M X is the Majorana mass of ν R . Assuming an intermediate scale M X ∼ 10 10 GeV and taking into account the running of Y u (but not the running of κ), the authors of Ref. [11] obtain m νe = 0.05
Including the running of κ reduces these estimates of neutrino masses by by an additional factor of 2 to 3 for m H near 200 GeV . Consequently,
Ref. [12] may become compatible with the Mikheyev-Smirnov-Wolfenstein solution [14] of the solar neutrino puzzle. In contrast, large running would spoil proposals [15] to relate the just-so solution of the solar neutrino problem (where m ν ≃ 10 −5 eV) with the Planck scale.
The running of κ also affects model predictions of the neutrino mixing angles. In the approximation of two neutrino mixing, the mixing angle is given by
in the basis where Y e is diagonal. Eq. (8) determines the evolution equation
for the mixing angle to be
where y 1 and y 2 are the Yukawa couplings of the corresponding charged leptons. As expected, the mixing angle does not run when the mixing is maximal or zero. However, significant running can occur if the magnitude of κ 22 − κ 11 is less than or comparable to y with decreasing momentum more slowly than κ 11 . Consequently they will cross at some scale, which leads to the resonance curve shown in c).
3. Two Higgs Doublets. As is customary, we assume that the Higgs doublets transform independently under the discrete symmetry
for which the most general Higgs potential is
The discrete symmetry is to insure that there are no flavor changing neutral Higgs couplings in the dimension 4 terms. With this symmetry, each type of charged fermions can couple to only one Higgs doublet. We denote the doublet which couples to the charged leptons as Φ 1 . However, there are now four ways to combine two Higgs fields and two neutrino fields, resulting in four operators relevant to the evolution of the neutrino mass. These operators fall into two classes according to how the product Φ i Φ j transform under the discrete symmetry. Operators where Φ i Φ j transform identically will be mixed by renormalization.
The two operators in which Φ i Φ j are even are
Calculating the class of diagrams shown in Fig. 1 , we find the evolution of
Here S rr is the two-Higgs-doublet generalization of Eq. (9). Its precise form depends on which charged fermions Φ r couples to. For instance, if Φ 1 couples to the down type quarks and the charged leptons and Φ 2 couples to the up type quarks, then
The two operators in which Φ i Φ j are odd are
Here κ (12) mn (and all previous κ's) are symmetric under interchange of the generation indices m and n, while ξ (12) mn is antisymmetric. Again calculating the class of diagrams shown in Fig. 1 , we find the evolution equations
Only the κ (12) operator contains a neutrino mass term, however the above equations show that the two operators are mixed by renormalization and so ξ (12) must also be simultaneously evolved.
Different neutrino mass models yield different subsets of these four operators below the lepton number breaking scale, M X . For example, the see-saw mechanism in some SO(10) models 4 may produce κ (22) and κ (12) while the Zee model [6] produces κ (12) and ξ (12) . In fact, one can easily construct a see-saw type model which leads to any desired subset of the four operators by carefully choosing how the different ν R 's transform under the discrete symmetries. After the operators are produced, they mix under evolution according to Eqs. (16) and (19) given above.
To illustrate the evolution of the neutrino mixing angles in two-Higgsdoublet models, we assume that Φ 1 couples to the charged leptons and the down type quarks, while Φ 2 couples to the up type quarks. We take the neutrino mass matrix to be
as might occur in a see-saw model. Here v i / √ 2 is the vacuum expectation value of Φ i , tanβ = v 2 /v 1 , and
The parameter tanβ runs according to
In general, the evolution of the neutrino mixing angles depends on the top quark and Higgs boson masses, so large changes during running are possible.
To illustrate a particularly interesting possibility, we have plotted in Fig. 4 the mixing angle for a two generation system as a function of momentum.
The evolution equations for the Yukawa and the quartic scalar couplings can be found, e.g., in [10] . We have chosen the parameters at the weak scale to Fig. 4 is the evolution for all the same parameters except κ (11) 11 = 0.06. Now the resonance occurs at a higher momentum. These curves illustrate that small mixing at the high scale can become large and even maximal mixing at the weak scale. With suitable choice of the parameters, the opposite can also happen, i.e., large mixing at the high scale can become small at the weak scale.
The evolution of the elements of κ (11) and κ unlike in the standard model, "resonant mixing" can occur in the two-Higgsdoublet models even for nondegenerate neutrinos. The reason is that the variation of κ (22) is more prominent than κ (11) , since λ 2 and y t are large while λ 1 is not. As a result, although κ
22 ≫ κ
11 at M X , their values can become closer at lower momenta, as can be seen from Fig. 5 . The momentum scale at which mixing angle resonance occurs does not correspond to the momentum at which the two κ's cross, since the running of tanβ also affects the evolution of the mixing angle.
Minimal Supersymmetric Standard Model (MSSM).
In the MSSM, when R-Parity is assumed to be an exact symmetry, lepton number violation can arise only through the dimension 5 superpotential term
Here H 2 is the Y = 1/2 Higgs superfield and L the leptonic doublet superfield.
Unlike in the non-SUSY two-Higgs-doublet model, the operator in Eq. (22) does not mix with any other operators. 5 The evolution equation for κ (s) is found to be
For a two-family system, the mixing angle evolution is obtained by multiplying the right-hand side of Eq. (11) by (−2). In Fig. 6 we plot the See text for the choice of parameters.
